Solutions to Question Sheet 10, Riemann Integration. v1 2019-20

1. Let f(z) = 2% on [0, 1] and let P, be the arithmetic partition that splits
[0, 1] into n equal subintervals.

Evaluate U (P, f) and L (P,, ).

Thus show that f is Riemann integrable on [0, 1] and find the value of

1
/ 23dz.
0

You may need to recall Y7, i® = n? (n41)*/4.

Solution The arithmetic partition of [0, 1] is

Pn:{izogign}.
n

The function f(z) = 2% is increasing on R, so
1—1

M, = sup{f<x>:TSxS%}= (%)3

m; = inf{f(az:):ﬂgxgi
n n

Thus

iV 1 G
U(Pn7f) = E E:ﬁzl7
i=1 i=1

" i—1\1 1 & 1
- . 3 .
L(Pn, f) = (T) ﬁ:ﬁi (1—1) ZEE 7’
i=1 i=1

J=1

on writing 7 = ¢—1. Sum these arithmetic series using the given
recollection to get

2 2 2
1 (n—17%n% 1 1\?



2.

From the theory of integration we have,

L<Pn,f>s£fsffsv<m,f>

or, in our case,

(1) < o= [ (1)

for all n > 1. Let n — oo to see that we must have equality in the
centre, that is [, f(z)d fo z)dz. Thus f(x) = 2% is Riemann

integrable over [0, 1]. The common value is 1/4 so
1
1
/ vidr =~
0 4

i) Integrate f(x) = x? over [1,2] by using the arithmetic partition of
[1,2] into n equal subintervals.

ii) Integrate f(z) = 2% over [1,2] by using the geometric partition
Q. ={Ln,n*n’ ...n" =2},

where 7 is the n**-root of 2.

Solution i. The arithmetic partition of [1,2] is
) .
Pn:{1+—:0§z§n}.
n
Since f(z) = z? is increasing on R we have

M, = sup{f(x):l—l—l—gxgl—i-i}—(1—1—1) ,
n

n

m; = inf{f(:v):l—i—l—gxgl%—l}:<1+Z—> ,
n

n



Since the expression for M; is slightly simpler then that for m; we
consider first the Upper Sum:

U(Pn,f) = 22;(1 —) == Z(H +'2)

_ %(n_i_zn(nﬁLl) N 1 n(n+1) (2n+1)>

n 2 n? 6

6n> + 6n? (n+1) + n(n+1) (2n+1)
6n3

14n? +9n + 1
6n2 ’

For the Lower Sum we wish to reuse work and so attempt to relate the
Lower Sum to the Upper Sum.

L(Pa,f) = Xn: <1+$)2% = il (1+%)2%

=1

n N 2
1 0\’ 1 ny2 1
-3 (1+l) —+(1+—) = - (142) =
- n n n n n n

J=1

W

1
= UPuf) o -
non
14n%2 +9n + 1 3
6m2 n

14n%2 —9n + 1
6n2 ’

As in the last question the theory gives

14n% — 9n + 1 2 2 14n2 +9n + 1
Tﬁif(x)dxﬁlf(x)d$§T-

Let n — oo to deduce that the Riemann integral exists and

2
/ 22dx = Z
1 3

3



ii. Let '
Q,={n:0<i<n}
with 7 = /2, be the geometric partition of [1,2]. Then
i i i) 2
M = s {f@) i se s o) = ()

m; = inf {f(x):n <z <y} =),

Again the expression for M; is slightly simpler than that for m;, so

consider
n n

U(Quf) = D () (=01 = (1=n") D (")’

i=1 i=1
3

= (=) 5 (07 =)

on summing the geometric series,
n?
3_
n

TA-mn* T
(1=n) (L4+n+n2)  1+n+n*

— (1—7]_1) since 0" = 2,

Note in evaluating U (Q,,, f) do not argue as

n n n

U(Qurf) = () (' =01y = 32 () 0" =3 () 0

i=1 i=1 i=1
Having two summations simply doubles the chance of making an error.

For the Lower Sum we first express m; in terms of M; so we can write the
Lower Sum in terms of the Upper Sum and then reuse the calculation
above. (No need to do the same work twice.) Thus

mi = (1) =072 ()" =2 M..
So

L(Qn f) = Zmi (X —xm1) = n? Z M; (z; — z-1)
i=1 1=1

7
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Hence

2
Tt
)dr <
1+77+772_/f /f _1+77+77

Let n — oo when n — 1 and we again deduce that the Riemann integral

exists and
2 7
/ 22dr = -
1 3

. Integrate f(z) = 1/x3 over [2,3] by using the geometric partition

Q, = {2,2n,29°, 20, ... 21" = 3},
where 7 is the n'"-root of 3/2.

Solution Let
Q, = {2,2n,2n%, 20, ...,20" = 3},
where 7 is the n'*-root of 3 /2. Then for 1 <i < n we have
[Tio1, ;] = [2ni_1, 27711 )

The function f(z) = 272 is decreasing so

. . 1
M; = sup{f(z):2n ' <z <2y} = —
(2n—1)
. i1 i 1
m; = 1nf{f(:z:):277 §x§277}: —.
(2n°)

Since the expression for m; is slightly simpler we look first at the Lower
Sum.

n n

L@ f) = 3o () " @rf=2 ) = 2 (1= 3 ()

1 n=2
- 1_ —1 1_ —2n
p U)o = ™)
on summing the geometric series,
1 1 5
= 1 (1-n7") 710 since n" = 3/2,

5 -1 1 B 5
36 n (n+1)(n—1) 36n(1+n)

b}




For the Upper Sum we have

1

@2n=1)°  (2n)’

Thus
U (Qm f) = ZMz (ZEz - %—1) = 773277% (% - 961‘—1)

5772

= ’L(Q,, f) = 36 (147)"

Let n — oo when 7 — 1 and we again deduce that the Riemann integral
exists and
S dx )

, 3 72

i) If the function h : [a,b] — R is bounded, Riemann integrable and
satisfies h(x) > 0 for all x € [a, b], show that

/abh(x) dx > 0.

Hint What does h(z) > 0 for all = € [a, ] say about any Lower
Sum? What does it then say about the Lower Integral of h? Use
also the fact that h is Riemann integrable implies that the lower
and upper integrals both exist and are equal.

ii) Prove that if the functions f and g, are bounded on [a,b], and
satisfy f(z) < g(z) for all x € [a, b], then

/abfﬁ/abg and fféfg.

iii) Prove that if the Riemann integrable functions f and g satisfy
f(z) < g(x) for all z € [a,b], then

/abfé/abg



Solution i. For any partition P of [a, b], the fact that h (z) > 0 for all
x € [a,b] means that L (P,h) > 0. So

b b
/ h = / h since h is integrable,

b
= lub{L (P,h): P partition}, by definition of / :

> 0.

ii. Let a partition P of [a,b] be given. On any interval [z;_q, x;], the
inequality f(z) < g(x) means that

M = [ lub ]f(x) < [ lub ]g(x) = M7,
Ti—1,%4 Ti—1,%4
m!/ = glb f(x)< glb g(x)=m?.
[xi—1,24] (51,7
Thus
L(P,f)<L(P,g) and U(P,f)<U(P,g) (1)
for all P.

By definition f;g is an upper bound for all L (P, g) as P varies. From
(1) we then get that fabg is an upper bound for {L (P, f) : P}. Yet by

definition f; f is the least of all upper bounds of this set, and so

/Lbfé/:g- )

Similarly, f_ab f is a lower bound for all U (P, f) as P varies. Again from

(1) we then get that f_;f is a lower bound for {U (P, g) : P}. Yet by

definition f;g is the greatest of all lower bounds of this set, and so

Zg > Zf-



iii. The fact that f and ¢g are Riemann integrable gives

b b
/ f = / f since f is Riemann integrable,
b

ng by (2),

b
= / g since g is Riemann integrable.
a

. Integrate f(z) = 2>~z over [2, 5] by using

i) the arithmetic partition of [2,5] into n equal length subintervals
and

ii) the geometric partition of [2, 5] into n intervals.

Solution i. Let f(z) = 2>~z and
Tz:{2+ﬁ:ogign}
n

an arithmetic partition of [2, 5] . The function f is increasing for x > 1/2
and thus on this interval. Hence

M, = sup{f(z):2+@§x§2+%}
N 2 .
e
n n
m; = inf{f(x):2+3(i_1)§x§2+ﬁ}
n n

_ (2+3u—n)2_(2+3@—m)7



Consider first the Upper Sum:

. 30\ 3\ | 3

U(Pn, f) = ;:1{(24-g> —(24-%)}5
3 9  9i*
ey (”ﬁﬁ)

3 <2n—|— %n(n—i—l) N 9 n(n+1) (2n+1)>

2 n? 6

n

(12n3 4+ 27n? (n+1) + 9n (n+1) (2n+1))
2n3

57n? +54n +9
2n2 )

For the Lower Sum
Lp f)_z”: EIGR) 2 EIGRINE:
el — n n n’
Change variable from ¢ to j = ¢—1 so the sum now runs from 0 to

-2y - (2 2))

J

Next, express this in terms of U (P,, f),

L(Puf) = U(Pn,f)+{(2+32—0)2— (2+3;0)}%

6 60
= U(Paf)+-——
n n

5Tn? 4+ 54n +9 B 54
2n? n

57n? — 54dn + 9
2n2 ’



From the theory we have

57n? — 54n + 9 5
< d
o < [t

3 2
57 o4 9
< /f(x)dxg n z 2n+ :
5 n

Let n — oo to deduce that the Riemann integral exists and

5
/2 (LU2—I) dr = %7
ii) Let
Qn:{Qni:Ogign}

with n = {/5/2, be the geometric partition of [2,5]. Then, since f is
increasing on [2, 5],

M; = sup{f(z):2n "' <a <2} = (277’)2 — 2

)

m = (@) 207 <w <oy = () -2

10



Thus

U (Qn, f)

_ i ((2ni)2_zni> (2?71'_277171)

(1—) <8 zn; (n*) —4 Xn; (”2)i>

(1_77—1) 3 n’ (773n—1)—4 n? (2n_1)
n*—1 n?—1
on summing the geometric series,
3 2
_ n -1 n
17 (1—n" —21(1-
(1) g =21 (1)
since n" =5/2,
117 (1—n) n?
(1=n) (L +n+7?) (1=n) (14n)
2
| R § P
1+n+n? 1+n

For the Lower Sum we have

L(Q,. [)

n

_ Z <(2,',]i—1)2 - 2ni—1> (2,'72' B 277i—1)

i=1

Uk i=1 U
1 1
= 1171 7 ~ 213
+n+n +n
1 2
— < x) dx
< [ @




Let n — oo when n — 1 and we again deduce that the Riemann integral

exists and )
117 21 57
/ (JZQ—ZL‘)d:E:———:—.
1 3 2 2

. Definition If f is continuous on (a,b)and F is continuous on |a, b
and and differentiable on (a,b) with F'(x) = f(x) for all x € (a,b)
then F is a primaitive for f.

Find primitives for

(i) (i) ——~ (i)

1) —, i) ——, iii

i-z -z T

V) —— V) —— Vi) —.
V1+a?2 1+ a2’ 1+ a2

Solution A primitive of

i. 1/v/1—2% is arcsinz, by Question 8ii, Sheet 7,
i, v/vV/1—22 is —V1—22

iii. 1/v/14 22 is sinh™'x, by Question 10i, Sheet 7,
iv. 2/vV1+22 is V1422

v. 1/(1+ 2% is arctanz, by Question &iii, Sheet 7,

vi. z/(1+2?) is In/(1+ 22).

. The Fundamental Theorem of Calculus says, in part, that if f is
continuous on (a,b) then F(x) = [* f(t)dt is a primitive for f(z) on

(a,b).

Prove that Inz, defined earlier as the inverse of e*, satisfies
T dt

1t

Inz =

for all z > 0.

Hint: Find two primitives for f : (0,00) — R,z — 1/x and note that
primitives are unique up to a constant.

12



Solution From the notes we know that (as an example of differentiating
inverse functions)

d1 B
dx nx—x

for x > 0 and so Inz is a primitive for 1/x in this range. But, since
1/t is Riemann integrable and continuous on (0, c0) we know, from the
Fundamental Theorem of Calculus, that

P [ ([ i)

is also a primitive for 1/x. Primitives are unique up to a constant, so

T dt
lnx—/ —4+C
1t

for some constant C'. Put x = 1 to find that C = 0.

13



Solutions to Additional Questions

. Integrate f(x) = z* — 6z + 10 over [2, 5] using the arithmetic partition
of [2,5] into 3n equal length subintervals.

Note how we look at P53, and not P,,, ask yourself why.

Solution Let f(z) = z*> — 6z + 10 on [2,5]. This time f'(z) = 2z — 6
so f increases for x > 3 and decreases for x < 3.

Look at the partition

2 .
733”:{2+—7’:0§¢§3n}:{2+3:0§z§3n}.
3n n
We have chosen 3n instead of n so that one of the points in the partition
is = 3, (when i = n) where the function has a turning point. Note

that the width of the intervals in the partition is 1/n.
Because of the minimum at z = 3, i.e. ¢ = n, we have

flziey) for1<i<n

M; =sup{f(z) 2,1 <zx <z} =
e 1 } {f(xi) forn+1<i<3n.

Similarly

f(z) for1<i<n

m; =sup{f(z) a1 <z <} =
v 1 } {f<fvz-—1) forn+1<i<3n.

Note that

f(:(fi):f(2+£> :ﬁ—2%+2,

n n?

and so ' ) _
Flai) = (-1 2(z—l)

2.
n? n +

14



Hence

U(Ps. f) = 4n <(i_1)2—2(i_1)+2>%

1 3n 9 3n
+— d o iP- = Z i+4
1=n+1 i=n+1

We can combine two pairs of summations, noting that the ¢ = n term
is missing in both. So

1 3n 9 3n
U (P, ) = = (Zi2—n2> - (Z@—n> +6

=1

1 4 7, 1 2 (9, 1

120’ 45n 41
N 2n?
Similarly
~ (i? i 1
L B = __2— 2 -
Pt = X (w2 +2);
3n . 2 .
(i—1) (i—1) 1
_9 21 =
_ 12n*—5n+1
B 2n?

It matters not that we have 3n in place of n in

5 T 5
L(Pgn,f)§/2f§/2f§U(P3n,f)-

15



Thus

12n% —5n+1 /5 dx</f 12n +5n+1

oz T o2

Let n — oo to deduce that the Riemann integral exists and
5
/ (2* — 62+ 10) dz = 6.
2

Note In this proof we have essentially calculated f; f, f; f and added

the results together. That you can do this is a result we have not had
time to cover in the course.

. Let f:]0,1] = R be given by f(0) =0 and, for x € (0, 1],

1
f(z) = — where n is the largest integer satisfying n < —.
n x

Draw the graph of f. Show that f is monotonic on [0, 1].

Deduce that f is Riemann integrable on [0, 1].

¥

Hint. First calculate the integral over [1/N, 1] for any N > 1. Then
use this in evaluating the upper and lower integrals of f over [0, 1].

Find

Solution Let 0 < x <y <1 be given. Write n, for the largest integer
ny < 1/x so f(x) = 1/n,. Similarly n, is the largest integer < 1/y.
Then

Hence f is a monotonic (in fact, increasing) function.

16



Graph of y = f(z):

Y

T

It can be shown that any monotonic function is Riemann integrable.
Here, though, we will not assume this but first note that f is Riemann
integrable over the interval [1/N, 1] for any N > 1. In fact

! =i
flx)dz = / ==
1/N e J
B N-—1 1 N-—1
_ - -
P

Here we have a ‘telescoping’ series,

$ oS
jzlj(jﬂ) o J g+l
(11 N 1
1 2 2 3
1
N
So
1
f(z)dr =
1/N

1

N-1

Z 1

j=1

)+

j2

1

3

1
4

1

N

)+ (

1 1

N-1 N

We cannot justify letting N — oo, instead we examine the upper and

lower integrals of f.

17
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First f > 0 implies

L}@wmz[;jmmIzl;fumf

the last step following from f being Riemann integrable over the inter-
val of integration.

For an upper bound we note that if 0 < 2 < 1/N then N < 1/z. So
if NV, is the largest integer < 1/x we have N, > N. Yet by definition
f(z) =1/N, and so f(z) < 1/N. That is,

Hence

ff(x)da: = /Ol/Nf(as)d$+/1/1Nf(x)da:

/N 4 1 1 1
< i N+/1 f(:c)alac———l—1 f(z)dx

Combining we have

1 1 1 1 1

Wﬂﬂwéiﬂﬂﬂﬁlﬂ)ﬂéﬁﬂ-wﬂﬂm
That is,

| 1 1

jzlj—Q—l—l—N < /Lf(x)dx

1 1

Now let N — oo, concluding that the lower and upper integrals agree
and so f is Riemann integrable over [0, 1]. Further, the value of the
integral is the common value,

2

R
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